A numerical study, using the Direct Simulation Monte Carlo (DSMC) approach, of the interaction effects between two identical sonic under-expanded nitrogen jets under rarefied conditions is reported. In this paper, the effects of the jet stagnation Knudsen number (Kn s ), the ratio of the stagnation-to-background pressure ( 
I. Introduction
HE The interaction between rarefied free jets has received some attention in recent years because of the relevance to rockets and other space vehicles. [1] [2] [3] [4] For rockets, two or more nozzles are used in order to provide a large impulse and stability. Because of the high altitude, the pressure is low, which causes the plumes from each nozzle to have a large radial extent. Therefore, an interaction between the neighboring plumes may occur. Another example is the spacecraft's Orbiter Reaction Control System (RCS), [5] [6] [7] which always comprises of many primary and vernier engines. The RCS can provide the thrust for altitude maneuvers and for small velocity changes along the orbiter axis by firing selected engines. If adjacent engines are fired simultaneously, an interaction between the two jets can occur. The jet interaction phenomena can also be seen in the satellite's Altitude Control System (ACS), 8 which is used to control the altitude of a satellite. This system is generally formed by an array of small thrusters. Because the size of the satellite is small and the plume size is large in high altitude, jet interaction between the adjacent plumes can be observed. Recently, the interaction of multiple plumes has become more and more important with the development of microspacecraft. 9 Many designs of micro-propulsion systems involve the use of thruster arrays for orbital maneuvers, such as attitude control and orbit rising. The thruster arrays can be batch-fabricated using Microelectromechanical Systems (MEMS) techniques. The thruster array can increase the flexibility for microspacecraft since thrusters can be fired in specific sequences, or simultaneously, to obtain desired impulse profile and thrust level for a particular maneuver. In thruster array, the distance between the thrusters is always very small. Therefore, the interaction between the plumes may occur. Another popular application of the interacting jets is in the plasma-aided materials processing technique. 10 A particular example is expanding thermal plasma (ETP) thin film decomposition, which can deposit thin films or coating on the materials. Schaepkens 11 has found that in the ETP process, a properly optimized dual-source system can deposit a uniform thick coating of abrasion-resistant material across a width of 30 cm of substrate in one pass. Autric 12 also reported experimental data on the dualsource crossed beams pulsed laser deposition technique for the production of cryolite thin films.
The interaction between the jets can have several effects on spacecraft operation, such as changes in the thrust impulse profile, the dynamic of jet impingement, the heat flux and pressure force on the spacecraft surfaces, the contamination, stability performance, and noise generation. 13, 14 These phenomena can cause a lot of difficulties in the design of a spacecraft. For example, when the interaction effects are strong, there is a backflow region generated in the interaction region. 15 The backscattered molecules can enhance contamination and can also lead to relatively high heat flux and surface forces that exceed the fatigue failure limit for metallic aircraft structures. Another example is for acoustic generation. It was observed that, for multiple interacting jets, it has advantage for the noise reduction. [16] [17] [18] Rapidly expanding plumes at high altitudes involve the entire range of the flow regimes, from continuum flows near the nozzle exit to transitional and the free molecular flows at large distances from the nozzle. Furthermore, for flight at different altitudes, the plumes from the spacecraft exhaust may be expanded into a background with finite pressure for the flight in the earth's atmosphere, or into vacuum for flight in outer space. Therefore, the rarefaction effects could become an important issue for the multiple jet interaction. If the jets are expanding into vacuum, only the interactions between the molecules of the two jets need be considered. If the interaction effect is strong, strong oblique shocks wave are formed, as shown in Figure 1 (a). The interaction region, which is surrounded by the oblique shocks, looks like another jet plume and will be referred to as the secondary jet. If the jets are expanding into a background with finite pressure, the interactions between the molecules of the jets with the background flows become important. If the interaction is strong, barrel shocks and jet boundaries, which take on concave curvature, are formed. Together with the normal shock waves (Mach disks, for both primary and secondary jets) and the oblique shocks, well-known 'primary-secondary' shock-cell structures are formed (Figure 1(b) ). Experimental investigation of high speed jet flows is expensive and involves practical difficulties, such as the need for non-intrusive flow measurements at high speed. Thus, only a few of experimental studies are available. 19, 20 Therefore, numerical analysis becomes a very attractive option. For the flow in the rarefied regime, the DSMC method has proven to be a powerful technique and many researchers 21, 22 have used the method for the dual interacting jets expanding into vacuum, such as Zhu and Dagum, 5-7 Ketsdever, 9 and Wu. 23 The numerical investigation of jets expanding into a background with finite pressure is extremely challenging for numerical methods, including the DSMC approach. The density in the flow field is much higher than that for jets expanding into vacuum. Therefore, more simulated particles are needed. Since the problem is fully three-dimensional, the computation is very expensive. Also, the implementations of the downstream boundary conditions, where background pressure and temperature are specified, pose additional difficulties for the DSMC method. The traditional method, which usually includes a large pressure reservoir in the computation, is very expensive. Recently, the "particle conservation" method was developed, [24] [25] [26] to address this problem. With the flow velocity calculated at the downstream boundary and background pressure and temperature specified, correct stream boundary conditions can be directly applied in DSMC without using pressure reservoir. The method has been successfully used in single under-expanded jet calculations by Wu 27 and the author, 28 but not for interacting rarefied jets. Usami 29 numerically simulated dual interacting jets expanding into a region with finite pressure by using DSMC and successfully captured the 'primary-secondary' shock-cell structures. However, the detailed analysis of the interacting effects was not investigated. A more detailed investigation of the interaction between nitrogen jets under rarefied conditions is undertaken for both cases when the background region is either vacuum or with finite pressure. In specifics, the response of the system to various combinations of the jet stagnation Knudsen number Kn s , the under-expanded jet pressure ratio P s /P b , and the separation between the two orifices L/D, is investigated with a focus on the shock structures and the thermal non-equilibrium behaviors. A DSMC code developed for this purpose is first validated for the related problem of single under-expanded jet. It is then applied to the interacting jets, without modifications, within 0.002≤Kn s ≤0.02, 1.5≤L/D≤8.0, and P s /P b values between 50 and values that approach infinity.
II. The Numerical Method and Its Validation
A parallel, three-dimensional direct simulation Monte Carlo (DSMC) program has been developed for the present study, using procedure similar to those in Bird. 30 A review of the advances in the DSMC method in fluid mechanics has been presented by Oran et al. 31 The method solves the Boltzmann equation by using simulated particles to statistically model the molecular motions and intermolecular collisions in real gas flows. Since the Boltzmann equation governs all flow regimes, the DSMC method is theoretically applicable to the simulation of gas flows in all regimes (continuum, rarefied, and transition). In the current implementation, the "variable soft sphere" (VSS) molecular model 30 is used, with Bird's "no time counter" (NTC) algorithm 30 for the collision mechanics. At every time step, molecular motion and intermolecular collision calculations are decoupled, which requires that the time step size be smaller than the mean molecular collision interval. Since the statistical error associated with the procedure is inversely proportional to the square root of sampling size, 30 calculations are expensive for small Knudsen number flows. Three dimensional models, such as the ones in this study, make the situation even worse. Improved computational performance can be obtained through parallel execution, to which the DSMC algorithm is readily adaptable through domain decomposition.
The Borgnakke-Larsen phenomenological model 30 is used for the rotational-translational (RT) relaxation process in this investigation, whereby, the rotational relaxation is quantified in terms of a characteristic rotational collision number Z r , which is approximately the reciprocal of the number of collisions required to reach equilibrium between the translational energy and rotational energy. The relaxation process is governed by Jean's equation: where T e is the equilibrium temperature, τ is the collision time, and τ r = τ ⋅ Z r is the rotational relaxation time.
Although this phenomenological model is not able to resolve the correct distribution function of rotational energy in cases of non-maxwellian distribution, it has been shown to provide reasonable macroscopic values of T r . 32 Moreover, vibrational relaxation could be neglected in this study.
The implementation of the downstream boundary conditions is a very important task in the simulation and the present approach follows the "particle conservation" procedure in Wu. 26 Here, an implicit iterative scheme is used to introduce the background particles entering into the flow region at the boundaries between the background and the region of the flow. In this procedure, then mean velocity, u e , and the average number of particles leaving the computational domain, N₊, are first obtained from the calculations in the previous time step for each boundary cell "m" (Figure 2 ). Then, the number of particles N₋ entering each boundary cell in the current time step is calculated by applying the conservation of particle fluxes under the specified pressure and temperature boundary conditions:
where A is the area on a downstream boundary cell, and the downstream number density n b is calculated as n b =P b /(kT b ), where P b and T b are the pressure and temperature at the downstream boundaries. Thus, for each boundary cell, the particles entering the flow region from the background are introduced by sampling from a Maxwellian distribution with the calculated mean flow velocity u e and the background temperature T b . Although Cai and Boyd 33 argued that this method could cause statistical error in the flow field, the method has been successfully used for the simulation of single under-expanded jet. 27, 28 In this study, to further reduce any statistical error from this method, the calculated mean flow velocities in the boundary cells are averaged over time.
Several problems have been used to validate the developed DSMC code prior to its use for the interacting jet investigation. One of these involves a single sonic under-expanded nitrogen jet, issuing into a three dimensional rectangular chamber at specified background pressure and density. The stagnation pressure (P s ) and temperature (T s ) of the jet are 30 torr and 293 K, respectively. Several values of stagnation-to-background pressure ratios (P s /P b ) Figure 2 . Illustration of the "particle conservation" method between 10 and value approaches infinity are investigated while the background temperature (T b ) is set to the source stagnation temperature. Each case runs for three different values of the stagnation Knudsen number (Kn s ) of 0.05, 0.005, and 0.002. The geometry of the simulated region is shown in Figure 3 . Only one quarter of the domain is simulated on the assumption of symmetry. The jet flow exhausts through a circular orifice located at the x=0 plane. The boundary conditions are set as follows:
(1) Symmetry boundary conditions are imposed on both the y=0 and z=0 planes; (2) For the x=0 plane, sonic conditions are used for the particles entering through the orifice and the orifice plate is set to be a fully diffusive wall with a temperature equal to the background temperature; (3) The background pressure P b and temperature T b are specified for all outflow boundaries. Note that, to correctly specify the downstream boundary conditions, the size of the computational domain needs to be sufficiently large so that the influence of the jet plume is neglectable at the downstream boundaries. The detailed simulation parameters are given in Table 1 . The DSMC simulations are carried out in parallel, using the Message Passing Interface (MPI) protocol. Figure 4 shows the typical grid configurations for the DSMC calculations. Note that to achieve good load balance, automatic domain decomposition is used to allocate an equal number of particles to each sub-domain. 
A. Expansion into Vacuum
For free jet expanding into vacuum (P s /P b →∞) from a sonic orifice, the only flow parameter is the jet stagnation Knudsen number Kn s , which is also related to the Reynolds number at the orifice exit, Re D * :
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Therefore, for a free jet expanding into vacuum at a fixed temperature T s , Kn s (Re D * ) is determined only by the product of P s and D. This quantity (P s D), with units of torr×mm, is frequently used in experiments to characterize sonic jet expansion. Marrone 34 and Mori 35 experimentally measured the centerline properties of free jet for the case where P s D=15 torr×mm (Kn s =2.736×10 -3 ), which provides validation data for the present effort ( Figures 5 to 8 ). In Figure 5 , the density contours from the developed DSMC code and from AEROFLO 36 on the Z=0 symmetry plane for P s D=15 torr⋅mm are compared. Excellent agreement is evident. AEROFLO is a compressible NavierStokes based multidisciplinary CFD code that is based on high-order discretization in space and time. In Figure 6 , the density distribution along the jet centerline calculated with the DSMC code is compared with Marrone's experimental data, an asymptotic relation, the isentropic relation, and the result from AEROFLO. Here, the asymptotic relation was developed for this case by several researchers:
where R is the radial distance from the orifice and f(θ) is the angular distribution function, which has the form
where A and θ max are γ-dependent constants. For γ=1.4, A=0.345 and θ max =95.2°. 15 The isentropic relation can also be calculated by , 2
where M is the Mach number distribution within the expansion core, which has an approximation expression of the form:
Two DSMC calculations are shown: (a) P s =3 torr, D=5 mm; and (b) P s =30 torr, D=0.5 mm. According to the simple theory discussed earlier in this paper, these two calculations should give essentially the same results because the product P s D is the same. We can see in Figure 6 that this is indeed the case. However, the Navier-Stokes simulations as well as the asymptotic distribution and the isentropic relation give the same density profile. The experimental data also agrees with these results for X/D≤12, with deviations further downstream. We believe the deviations are due to the inability to obtain perfect vacuum conditions in the experiment, whereas the various calculations had no difficulties enforcing an infinite value for P s /P b . Note, however, that the magnitude of the error in the measurement is exaggerated in Figure 6 because of the use of log scale. In Figure 8 , the DSMC results for the rotational temperature distribution along the jet centerline are compared with the experimental data from Marrone 34 and Mori. 35 In this plot, an approximate relation:
developed in a previous work by the author, 28 is also shown. Both DSMC calculations and Equation (8) are carried out for Z r =2 and 5, and good agreement with the experimental results is evident for Z r =2, which is a reasonable value for Z r since the flow temperature drops rapidly and T≤100 K when X/D>1.
B. Expansion into a Region with Finite Pressure
Rather than expanding into vacuum, more complicated flow structures are formed when a jet flows into a region with finite pressure. When the flow is in the continuum regime, the plume expands around the orifice exit to form an inertia-dominated region of high Mach number isentropic flow, which is sometimes called expansion core. Due to the strong interaction between the jet and the background gas, a normal shock wave (Mach disk) and barrel shocks, which take on a concave curvature, are formed. This "shock-cell" structure is shown in Figure 9 .
The interaction between the jet molecules and the background gas were studied for single underexpanded jet by Muntz. 41 A rarefaction parameter ξ was proposed as 41 
 
to characterize this interaction. It can be shown that this parameter is inverse proportional to the square root of the pressure ratio P s /P b and stagnation Knudsen number Kn s :
Figures 10 shows the contour maps of the normalized density, translational temperature, rotational temperature, and the Mach number when the under-expanded jet has the parameters Kn s =0.002, P s /P b =50. Although the flow is rarefied and the shock structure is much dissipated, the "shock-cell" structure can still be observed from these figures. The purpose of these figures is to demonstrate the developed DSMC procedure generates results that are credible based on the known physics of the problem. The location and size of the Mach disk was studied by many researchers. Ashkenas 42 and Crist 43 used the method of electron beam diagnostics to measure the characteristics of Mach disk and proposed empirical correlations for the position and diameter of the disk:
and   . Figure 11 shows the location and diameter of the Mach disk predicted by the present DSMC program and the experimental correlations. In the current study, the location of the Mach disk is defined by the position where the local Mach number has the maximum absolute slope. The DSMC results are in good agreement with the experimental correlations. (12)) and the present DSMC calculations.
III. Investigation of Interacting Jets
The physics of dual, interacting jets were investigated with the DSMC procedure after establishing the accuracy of the numerical approach for the current type of problems. The physical problem of interest is as in Figure 1 , with the computational domain in Figure 12 . With the assumption of symmetry, only a quarter of the threedimensional model is simulated. The flow field is very similar to the one used for the single under-expanded jet except the fact that the orifice is now located at (0,0,L/2). The settings of the boundary conditions are also same with those used for single under-expanded jets. The range of stagnation Knudsen number Kn s chosen from study involve as 0.02, 0.005, and 0.002, and the separation between the orifices are within 1.0≤L/D≤8.0. The stagnation-to-background pressure ratios P s /P b =50, 100, 200, and ∞ are used. The domain is chosen to be sufficiently large so that the influence of interacting jets does not reach the downstream boundary. The stagnation pressure and temperature of the jet flow are P s =870 Pa and T s =285 K, respectively. The detailed simulation parameters for some typical cases are given in Table 2 .
A. Expansion into Vacuum
The interaction between the molecules of the two jets was first studied by Dankert (13) where λ p is the mean free path of one plume molecules moving through another plume flow field and l ref represents the characteristic length of the flow, which is chosen as the distance from the symmetry plane to the centerline of the Figure 13 . It can be shown that Kn p is a function of the jet's stagnation Knudsen number Kn s , the distance of the orifices to the orifice diameter ratio L/D, and the interaction angle θ, which can be expressed as (15) where A and θ max have been defined previously (Equations (4) and (5)). The interaction between the two jets can be characterized by Kn p,min , which is the value of Kn p when g(θ) attains its lowest value (θ≈39°). Figures 14 and 15 show the contour maps of the normalized density, translational temperature and rotational temperature on the y=0 and z=0 symmetry planes for Kn s =0.003, L/D=3, and P s /P b →∞. In this case, the interaction between the two jets is strong and we can clearly observe an interaction region that is formed. From the temperature contours, it is clear that the secondary jet has higher enthalpy than the primary jets. This is due to the fact that in the secondary jet, the collisions between the molecules of the two jets nullify the z-velocity component of the molecules. Therefore, the kinetic energy is converted into thermal energy. Figure 15 shows that the secondary jet expands at a faster rate in the y-direction. Compare the translational and rotational temperatures contours; it can be observed that the differences between the translational and rotational temperatures are significant in the secondary jet, especially when x/D is small. We also can observe that the maximum points for the density and temperature profiles on the xaxis are not at the same position. In this case, the density has a maximum value at x/D≈3, while the translational and rotational temperatures have a maximum value at x/D≈1. Figure 14 , the flow is more rarefied due to a larger Kn s value. In this case, the secondary jet is hard to found in the density contour, while it is still can be observed in temperature contours. Therefore, compared to the density field, the flow temperatures are more sensitive to the interaction between the two jets. Also, because the flow is very rarefied, although the translational temperature in the secondary jet is higher than those in the primary jets, it can be found that the rotational temperature in the secondary jet is much smaller. 
B. Expansion into a Region with Finite Pressure
When interacting jets flow into a region with finite pressure, the interactions are those between the jets (Equation (14)) and between the jets and the background gas (Equation (10)). The physics of the problem are thus determined by three parameters Kn s , L/D, and P s /P b . Although interaction between the jet flow and background gas have been carefully studied for single under-expanded jet, 41 those for interacting jets have not received enough attention. The two extreme cases L/D=0 and L/D=∞ are of interests. When L/D=0, the flow is identical to that of a single underexpanded jet with P s ′=2P s , and the rarefaction parameter takes the form ξ primary ′ -1 =ξ secondary ′ -1 =√2ξ⁻¹. When L/D→∞, the interaction between the two jets can be neglected. Therefore, the rarefaction parameter for the jets take the form ξ primary ′=ξ and ξ secondary ′→∞. To summarize, for the both primary and secondary jet, the interaction between the jet molecules with the background molecules can be classified as
where c depends on (17) and
For single under-expanded jet, the location of the Mach disk only depends on P s /P b . For interacting under-expanded jets, the Mach disks exist for both primary jet and secondary jets, and the location of the Mach disks should also be a function of L/D. We can estimate the Mach disk location for both of the primary and secondary jets as
where c M is also a function of L/D which satisfy the conditions:
and
Soga 19 experimentally measured the density and rotational temperature properties for interacting jets when Kn s =0.002 and P s /P b =220 for several values of L/D, which provides validation data for the present effort. The details of the conditions are shown in Table 3 . Note that two sets of conditions are used for the density and temperature measurement, respectively. Figure 17 shows the density, translational temperature, and rotational temperature contours at the y=0 symmetry plane for L/D=3, Kn s =0.002, L/D=3.0, and P s /P b =220. Compared with the results of the jets expanding into vacuum, it can be seen that the existence of the background pressure greatly changes the flow structure. Although much dissipated, the primary and secondary shock cells can still be observed, especially in the temperature contours. Figure 18 shows the same contours but for z=0 symmetry plane, which also shows the shock-cell structure due to the existence of background gas. Figures 19 shows the density distribution along the (x,0,0) symmetry axis compared with the experimental data. Note that two sets of DSMC results are presented: P s /P b =220 and P s /P b →∞. The plot shows very good agreement between the DSMC results and the measurements. The monotonic decay of density for the case P s /P b →∞ is expected based on the results from the previous section. Figure 20 shows the rotational temperature distribution along the (x,0,0) axis. Close agreement between the calculations and the experimental data is also evident. Note that the experimental data is available only for X/D<8.0. This may due to the large P s /P b value used (P s /P b =220). When P s /P b is large, the position of the Mach disk X M /D can be expected to be a large value. Consider the definition of the penetration Knudsen number in Equation (14), when X/D is large, θ becomes small and the interaction between the two jets is very weak at this location. Therefore, although the change of L/D may greatly affect the interaction of the two jets in the region when X/D is small, this change may not affect the location of the Mach disk in the secondary jet, where X/D is very large. Figure 24 shows the density distribution along the (x, 0, L/2) axis (symmetry axis of primary jet) for Kn s =0.002, P s /P b =220, with different values of L/D. The plot shows that the primary jet is also affected by the interaction between the two jets, especially when L/D is small. When the interaction effects are stronger, due to the existence of the strong oblique shock waves, the jet is less likely to cross the symmetry plane, leading to larger velocities (from decreasing cross-sectional area). Thus, the location of the Mach disk in the primary jet moves further downstream. Figure 25 shows the location of the Mach disk in the primary and secondary jets obtained from the DSMC results with comparison with Soga's experimental data. 19 Although some deviations can be observed, the DSMC results and experimental data, similar trends are exhibited. Figure 26 shows the density distribution along the (x,0,0) symmetry axis for P s /P b =200, L/D=3.0, with different values of Kn s . The effects of Kn s to the interaction region are shown. As expected, it can be seen that reducing Kn s values increases the interaction between the two jets and hence, the curves have higher peaks. When Kn s is very large (Kn s =0.02), the flow is too rarefied and there is no Mach disk formed in the interaction region. Figure 27 shows the density distribution along the (x,0,0) symmetry axis for Kn s =0.005, L/D=3.0 for different values of P s /P b . The effects of P s /P b to the interaction region are shown. Since the value of L/D is same, the location of the peak values is almost same (around X/D≈3). As expected, reducing P s /P b strengthens the interaction between the secondary jet and the background gas. When P s /P b is small, stronger Mach disk is formed in the secondary jet and its location moves toward upstream. Different with the primary jets, in which the background gas cannot affect the expansion core, it can be seen that the existence of the background pressure significantly modifies the secondary jet flows. The reason may due to the relatively smaller density in the secondary jet, so that the flow in the secondary jet is more rarefied than the flow in the primary jets. Therefore, the can more easily penetrate into the secondary jet flow.
Since the secondary jet is very rarefied, it can be expected that the translational-rotational non-equilibrium effects are strong in the secondary jet. Figure 28 plots the translational and rotational temperature profiles along the (x,0,0) symmetry axis for Kn s =0.002, P s /P b =220 with different values of L/D. It can be found that when L/D is small, the interaction between the two jets leads to a strong secondary jet. Similar to a single under-expanded jet, large deviation between the two temperatures can be found in both fast expansion region and the region where Mach disk exists. However, large deviations between the translational and rotational temperatures are also found in the region close to the orifice plane, which may due to the low density in this region. Figure 29 also plots the translational and rotational temperature profiles along the (x,0,0) symmetry axis but for Kn s =0.005, L/D=3.0 with different values of P s /P b . Since the increase of the background pressure P b can greatly increase the density of the secondary jet (Figure 27 ), therefore, it can be found that the background gas helps to reduce the translational-rotational non-equilibrium effects in the secondary jet. 
IV. Conclusion
This paper reports the investigation of the physics of the dual interacting jets, for stagnation Knudsen number (Kn s ) within the range 0.002≤Kn s ≤0.02, the separation between the jet orifices (L/D) in the range 1.5≤L/D≤8.0, and stagnation-to-background pressure ratios (P s /P b ) between 50 and values that approach infinity.
The DSMC results compare well with experimental data. It was found that:
(1) Unlike the primary jets, in which the background gas cannot affect the expansion core, the existence of the background pressure significantly modifies the secondary jet flows.
(2) The value of L/D affects the locations of the Mach disk in both primary and secondary jets. But when P s /P b is relatively large (such as P s /P b =220) and L/D is relatively small (L/D≤6.0), the separation distance L/D has only a mild effect on the location of the Mach disk in the secondary jet. (3) The secondary jet is much more rarefied than the primary jet. Thermal non-equilibrium effects are significant in the secondary jet, especially in the vicinity of the orifice plate. The background gas helps to reduce the translational-rotational non-equilibrium effects in the secondary jet.
